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Abstract 

We prove sufficient conditions for the boundedness of the maximal operator on 
variable Lebesgue spaces with weights ipt n {r) = |(r — t) 7 |, where 7 is a complex 
number, over arbitrary Carleson curves. If the curve has different spirality indices 
at the point t and 7 is not real, then c^ j7 is an oscillating weight lying beyond the 
class of radial oscillating weights considered recently by V. Kokilashvili, N. Samko, 
and S. Samko. 
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1 Introduction and main result 



Let T be a rectifiable curve in the complex plane equipped with arc-length 
measure \dr\. We suppose that T is simple, that is, homeomorphic to a seg- 
ment or to a circle. A measurable function w : F — > [0, 00] is said to be a 
weight if it is positive and finite almost everywhere. Let p : T — > (1, 00) be a 
continuous function. A weighted variable Lebesgue space L p ^ (T , w) is the set 
of all measurable complex-valued functions /onT such that 



|/(r)w(r)/A| p(r) \dr\ < 
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for some A = A(/) > 0. It is a Banach space when equipped with the 
Luxemburg-Nakano norm 




It is clear that L p ^(T,w) coincides with the standard Lebesgue space when- 
ever p is constant. It is a partial case of so-called Musielak-Orlicz spaces (see 

nan]). 

Two weights Wi and w 2 on T are said to be equivalent if there is a bounded 
and bounded away from zero function / on T such that wi = fw 2 - It is easy 
to see that L p ('\T,wi) and L p (')(T, -U7 2 ) are isomorphic whenever w\ and w 2 
are equivalent. 

A curve F is said to be Carleson (or Ahlfors-David regular) if 

|r(t,e)| 
Cr := sup sup < oo 

ter e>o £ 

where T(t,e) := {r G T : \r — t\ < e} is the portion of the curve in the 
disk centered at t of radius e and \Q\ denotes the measure of a measurable 
set Q C T. We are interested in the boundedness conditions for the maximal 
operator 

(M/)(*):=sup— ±_ f \f(r)\\dr\ (ter) 
£>0 |r(t ' £)l r ( i) 

on weighted variable Lebesgue spaces. This operator is one of the main play- 
ers in harmonic analysis. It is closely related to the Cauchy singular integral 
operator 

W)M = S8S / ™t* < ter) ' 

r\r(t,e) 



The boundedness of both operators on standard weighted Lebesgue spaces is 
well understood (see e.g. [TP1l5]n8] ). If T is one of the operators M or S and 
1 < p < oo, then T is bounded on L P (T, w) if and only if w is a Muckenhoupt 
weight, w G A p (T), that is, 



sup sup 

ter s>o 
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where l/p+ 1/q = 1- By Holder's inequality, if w is a Muckenhoupt weight, 
then T is a Carleson curve. 

Let us define the weight we are interested in. Fix t G T and consider the 
function i] t : T\ {t} — > (0, oo) defined by 

Vt (r) :=e- arg ^, 



where arg(r — t) denotes any continuous branch of the argument on T \ {t}. 
For every 7 G C, put 

Vta (r) := |(r - i) 7 | = |r - t| Rc ^(r) Im ^ (r G T \ {*}). 



In the Fredholm theory of singular integral operators with piecewise continu- 
ous coefficients on L P ^(T) (without weights!) it is important to know for which 
values of 7 the operator S is bounded on L P ^(T, ip tn ) (see e.g. [6117] and also 
PP). In fact, an attempt to answer this question is the our main motivation 
for this work. 

The above question was completely studied for the case of standard Lebesgue 
spaces by A. Bottcher and Yu. Karlovich [Tj Section 3.1]. To formulate their 
result explicitly, we need some definitions. A function g : (0, 00) — > (0, 00] 
is called regular if it is bounded from above in some open neighborhood of 
the point 1. A function g : (0, 00) — > (0, 00] is said to be submultiplicative 
if g(xix 2 ) < g(xi)g(x 2 ) for all Xi,x 2 G (0, 00). A regular submultiplicative 
function is finite everywhere and one can define 

\ogg(x) logg(x) 
a{g) := sup — , p{g) := mt 



xe (o,i) log a; " xe(i,oo) logo; 



In this case, by [H Theorem 1.13], —00 < a(g) < (3(g) < 00. The numbers 
a(g) and (3(g) are called lower and upper indices of g, respectively. 

For t G r, put d t := max|r — t\. Following [Tj Section 1.5], for a continuous 
function xjj :T\ {t} —> (0, 00), we define 



(W t i>)(x) :-- 



sup max ip(r)/ min i()(t)\ for x G (0,1], 



0<R<d t \\T-t\=xR 



\r-t\=R 



sup max ip(r)/ min ^>(t) for x G [l,oo) 

^R<rt> \\r-t\=R \T-t\=x~ 1 R I 



{ 0<R<d t 



This function is submultiplicative in view of [H Lemma 1.15]. From [TJ The- 
orem 1.18] it follows that W t r] t is regular for every t G V whenever T is a 
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Carleson curve. Hence the lower and upper spirality indices S t and at 
t 6 T are correctly defined by 

6^:=a{W tVt ), 6+ := P(W tVt ). 

Proposition 1 (a) IfT is a piecewise smooth curve, then arg(r — t) = 0(1) 
and 5t = b~t — for all t G Y. 

(b) If T is a Carleson curve satisfying 

arg(r - t) = -5 log \r - t\ + 0(1) as r-*t (1) 

at some it 6 T with some 5 G R, then 5^ = 5^ = 5. 

(c) (R. Seifullayev) IfT is a Carleson curve, then 

arg(r-t) = 0(-log|r-t|) as r^t (2) 
for every t G T. 

(d) (A. Bottcher, Yu. Karlovich) For any given real numbers a, f3 such 
that 

— oo < a < (3 < +oo, 

there exists a Carleson curve T such that 5 t ~ = a and 8f = (3 at some 
point t G r. 

Parts (a) and (b) are trivial, a proof of part (c) is in [1, Theorem 1.10], and 
part (d) is proved in [U Proposition 1.21]. From [H Propistion 3.1] it follows 
that Wtipt,-y is regular for every 7 G C and 

a(Wt<ft,j) = Re7 + min{5 t ~Im7, 5 t + 11117}, 
P(Wt<ft,j) = Re 7 + max{5 t ~Im7, 5 4 + Im7}. 

These equalities in conjunction with [Tj, Theorem 2.33] yield the following. 

Theorem 2 (A. Bottcher, Yu. Karlovich) Let T be a Carleson curve and 
p G (1, 00) be constant. Suppose t G T and 7 G C. Then y? 4j7 G ^4 p (r) if and 
only if 

< — h Re 7 + min{5 4 ~ini7, <5 t + 11117} 
< — h Re 7 + min{5 t ~Im7, 5 t + Im7} < 1. 

In the last decade many results from classical harmonic analysis for standard 
(weighted) Lebesgue spaces were extended to the setting of (weighted) variable 
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Lebesgue spaces (see e.g. [2ll3|12lll4|fT5] and the references therein). We recall 
only the most relevant result. Following [31TT2] . we will always suppose that 
p : r — > (1, oo) is a continuous function satisfying the Dini-Lipschitz condition 
on T, that is, there exists a constant C p > such that 

\p(r)-p(t)\< ° p (3) 

— log T — t\ 



for all r, t G V such that |r — t| < 1/2. For power weights one has the next 
criterion. For simplicity, we formulate it in the case of one singularity only. 
However, it is valid for power weights with a finite number of singularities (see 

Theorem 3 (V. Kokilashvili, V. Paatashvili, S. Samko) LetT be a Car- 
leson curve and p : T — > (l,oo) be a continuous function satisfying the 
Dini-Lipschitz condition. For t G T and A G IR, define the power weight 
w(t) := \t — t\ x . If T is one of the operators M or S, then T is bounded 
on L p( -'\T,w) if and only if 

1 

< — - + A < 1. 

p(t) 

Clearly, ip tn is equivalent to a power weight w(t) = |r — t\ x if and only if 7 is 
real or T satisfies ([1]) at t. Hence, Theorem [3] is not applicable to the weight 
rjt for Carleson curves with 5^ < 5^ . 

The sufficiency portion of Theorem [3] has been extended recently to the case 
of radial oscillating weights (see [TO] for M and [TT] for 5*). In the case of one 
singularity these weights have the form w(t) = /(|r — 1\) where t G T is fixed 
and / : (0, diam(r)] — > (0, 00) is some continuous function with additional 
regularity properties. It is clear that the weight r] t is not of this form. Thus, 
in general, weights considered in this paper lie beyond the class of radial 
oscillating weights. 

Theorem 4 (Main result) Let V be a Carleson curve andp : Y — > (1, 00) be 

a continuous function satisfying the Dini-Lipschitz condition. Ift G T, 7 G C, 
and 



< — — + Re 7 + min{<5 t Im 7, Im 7} 

< — — + Re7 + max{5 t ~Im7, <5 t + Im7} < 1, (4) 
p(t) 

then M is bounded on L p ^ (T , (p tt7 ) . 
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We conjecture that Theorem H]is true with M replaced by S and that a check of 
the proof of [ITJ Theorem 4.3] will indicate the modifications needed to obtain 
the desired result. We also conjecture that inequalities PJ are necessary for the 
boundedness of M and S on L P ^(T, </?t )7 ). To support the second conjecture, 
note that arguing as in [8], one can show that if S is bounded on L p (')(T, (ft,y), 
then 



< — — + Re 7 + min{<5, Im 7, 5^ Im 7} 
p(t) 

< — — + Re 7 + max{57lm 7, 5. + Im 7} < 1 . 
~ p{t) 



The paper is organized as follows. In Section [2] we formulate a sufficient con- 
dition for the boundedness of M on L P ^(T, w) involving the classical Mucken- 
houpt condition. Further we apply it to the case of the weight (p t)7 . In Section [3] 
we estimate a weight w with the only singularity at t by power weights with 
exponents a{W t w) —e and /3(W t w) +e where e is small enough. Section @] con- 
tains the proof of Theorem HI Here we follow an idea from (TO] and represent 
the weighted maximal operator as the sum of four maximal operators. The 
first operator is the maximal operator over a small arc containing the singu- 
larity of the weight (p tn - Its boundedness follows from the results of Section [2j 
The second and third maximal operators are estimated by maximal operators 
with power weights with exponents a(W t (pt,-y) — £ and /3(Wt</?t i7 ) +e by using 
the results of Section [3j The boundedness of the latter operators follows from 
Theorem [31 The last maximal operator is over the complement of the small 
arc containing the singularity of the weight. Hence there is no influence of the 
weight on this operator and its boundedness follows trivially from Theorem [3J 



2 Sufficient condition involving Muckenhoupt weights 



Although a complete characterization of weights for which M is bounded on 
weighted variable Lebesgue spaces is still unknown, one of the most significant 
recent results to achieve this aim is the following sufficient condition (see [TUt 
Theorem A']). 

Theorem 5 (V. Kokilashvili, N. Samko, S. Samko) LetT be a Carleson 
curve, p : T — > (l,oo) be a continuous function satisfying the Dini-Lipschitz 
condition, and w : T — > [0, 00] be a weight such that w p / p * G A P:t (T), where 

:= p*(r) := minp(r). (5) 
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Then M is bounded on L p ^{T,w). 

This theorem does not contain the sufficiency portion of Theorem [3] whenever 
p is variable because for the weight q{t) = |t — t\ x the condition Q p l p * £ Ap t (T) 
is equivalent to —l/p(t) < A < (p* — l)/p(t), while the "correct" interval for 
A is wider: —l/p(t) < A < (p(t) — l)/p(t). This means that conditions of 
Theorem [5] cannot be necessary unless p is constant. 

Now we apply Theorem [5] to the weight (ft l7 . 

Lemma 6 Let T be a Carleson curve and p : V — > (1, oo) be a continuous 
function satisfying the Dini-Lipschitz condition. If t £ T, 7 £ C, and 

< — — + Re 7 + min{5 i ~Im7, 5+ 11117} 



By Theorem [2], the latter inequalities are equivalent to (pt^pty/p* £ Ap„(r). 

Observe that that the weights <Pt,yptt)/p* an d ifftn) * are equivalent and there- 
fore belong to A Pt (T) only simultaneously. Indeed, from Proposition [1] (c) and 
([3]) it follows that 




(6) 



PROOF. Inequalities (jSJ) are equivalent to 




[yt, 7 (r)F^ 






log|r 



f + 



Im7 



0(log|r-t|) O 



( 



— log |r — t 



1 



) 



l 



= exp{0(l)} 
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as r — > £. This immediately implies that the weights (<^t 7 ) P//p * and ipt,-yp{t)/p* 
are equivalent because they are continuous on Y \ {t}. 

Finally, applying Theorem[5l we obtain that M is bounded on L p( *'\T, (ft,j)- d 



3 Estimates of weights with one singularity by power weights 

Recall that there are more convenient formulas for calculation of indices of a 
regular submultiplicative function. 

Theorem 7 If g : (0, oo) — > (0, oo) is regular and submultiplicative, then 
(a) a(o) = lim^M, (3(g) = lim l0g ^ } 



x-»o logx a;->-oo logx 

and 

— oo < at(g) < /3(f)) < +oo; 

(b) g{x) > sc"^ /or a// s G (0, 1) and g(x) > x /3< - e - ) /or a// x G (1, oo); 

(c) given any e > 0, there exists an x > 1 such that g(x) < x a ^~ e for all 
x G (0, Xq v ) and g(x) < x^ e ' +£ for all x G (xq, oo). 

Part (a) is proved, for instance, in [IJ Theorem 1.13]. Parts (b) and (c) follow 
from part (a), see e.g. [H Corollary 1.14]. 

Fix to G T. Let u(t ,5) denote the open arc on T which contains to an d 
whose endpoints lie on the circle {r G C : \t — t | = 8}. It is clear that 
cu(t Q ,5) C r(t ,S), however, it may happen that uj(t ,5) ^ T(t ,S). 

Lemma 8 Let T be a Carleson curve and to G T. Suppose w : T \ {to} — > 
(0, oo) is a continuous function and W to w is regular. Let e > and 5 be such 
that < 5 < d to . Then there exist positive constants Cj = Cj(e,5,w), where 
j = 1,2, such that 



W(T) 



t-tr 



T — tn 



P(Wt w)+e 

(7) 



for allt ET \ ui(to, 5) and all r G oo(to, S); and 



m<c. ! 



W(T) 



t-tr 



T ~tn 



a(Wt w)-s 



for all t G u)(to, 5) and all r G T \ u(t , 5) . 
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PROOF. Let us denote (3 := (3(W to w). By Theorem [3(c), for every e > 
there exists an x G (1, oo) such that 

(W to tt;)(x) < x^ +e for all x G (x , oo). 



From this inequality and the definition of W to w it follows that if < R < d to 
and x G (x , oo), then 

/ R \ /3+£ 

max w(t) < x^ +e min w(t) = r min w(r). 



Hence 



*-«o 



T - tn 



w{t) (9) 



for all t G r \ {t } and all r G T such that \t — to\/\r — t \ G (x , oo). Put 

A tn := min \t — tn\. 

ter\u(t ,6) 



It is clear that if r G w(t , A to /x ) and t G T \ u(t , 5), then ([9]) holds. 

Since the function 

u>(t) 



/(r) := 



\r-t \P+* 



is continuous on T \ {t }, we have 

< M x := inf /(r), M 2 := sup /(r) < oo. 

rew(t ( , ,(5) \w(t ,A* / ^o) r er\o;(to ,S) 



Hence 

w(t) < M 2 \t-t \ p+£ 

for all t G T \ a; (to, 8) and 



1 1 

< 



w(t) ~ M^T-tol^ 6 
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for all r G a; (to, 8) \ ^(to, A to /xo). Multiplying these inequalities, we obtain 



w(t) < M2 
w(t) ~ Mi 



t-tn 



T-to 



0+e 



for all t G T \ w(to, 5) and all r G a; (to, 5) \ ou(t , A to /xo). 
Thus (J7D holds for t G T \ w(t , 6) and all 

r G u(t ,A to /x ) U [w(t ,5) \u;(t , A to /x )] = cj(t , S) 

with Ci := max{l, M2/M1}. Estimate (jSJ) is proved by analogy. □ 
4 Proof of Theorem [4] 



The idea of the proof is borrowed from [10, Theorem B]. Fix t G T and 7 G C. 
Notice that we omitted the subscript for to in the formulation of the theorem 
for brevity. It is easily seen that M is bounded on L P ^(T, <£>t 0i7 ) if and only if 
the operator 



(M 4o , 7 /)(t):=sup^l f JZML|d T | (t G T) 
£ >o \T(t,e)\ J ipt , 7 {r) 



r(t,e) 



is bounded on L p ('\T). 

As it was already mentioned in the introduction, the function W^fto,^ is re£ 
ular and submultiplicative for every 7 G C and 



a := a(Wt ^ ton ) = Re 7 + min-f^In^, 5 t +Im7>, 
f3:=f3(W to ip t0)1 ) = Re 7 + max{5 to Im7,(5+Im7}. 

With these notations, conditions (j3J) have the form 

0<-^— + a, -^- + /?<1. 
P(*o) p{to) 



In this case there is a small e > such that 
1 1 

< — — + a -e < — — + f3 + e < 1. (10) 
P{to) p{to) 
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Since p : T — > (l,oo) is continuous and l/p(to) + (3 < 1, we can choose a 
number 5 G (0, d to ) such that the arc u;(to,^)j which contains t and has the 
endpoints on the circle {r G C : \r — 1 \ = 5}, is so small that 1 + /3p(t ) < p*, 
where 

p* :=p*(cj(£ ,5)) = min p(r). 
Hence 

1 1 ^ P* . . 

0< —- + «<—-+/?< 11 

Let us denote by xo the characteristic function of a set f2 C T. For / G L p ^(r), 
we have 

+Xu(t ,s)M t0t jXr\u(t ,5)f + Xr\u(t ,s)M t0tJ xr\uj(t ,5)f- (12) 

From (fTTj) and Lemma[6]we conclude that M t0)7 is bounded on L p ('\tu(t , 5)). 
Hence ^(i ^)M i0j7 Xo;(to,<5)^ is bounded on L p( ) (r). 

From Lemma [8] it follows that 

Xr\u}(to,s)M to ^Xu>(t ,8)f < CiXr\u(to,s)Mto,p+eXu>(to,S)f < CiM to ^ +£ f (13) 

and 

Xaj(io,5)^to,7XrV(t ,5)/ < C*2Xa;(to,<5)^to,a-eXr\a;(to,<5)/ < C 2 M kha _ £ f, (14) 

where Ci and C 2 are positive constants depending only on e, 5, 7, and i - I n_ 
equalities fTTU]) . Theorem[3j and inequalities (IT3"|) - (IT4"|) imply that the operators 
Xrv(to,<5) M to,7Xw(io,<5)^ and X^ to ,5)M t0i7 xrv(t ,5)^ are bounded on L P ^(T). 

Finally, since T \u(t ,5) does not contain the singularity of the weight y? iQi7 
which is continuous on T \ {to}, there exists a constant C3 > such that 

Xr\iv(to,S)M t0) yXr\uj(to,S)f < C 3 Mf. 

Then Theorem [3] and the above estimate yield the boundedness of the operator 

Xr\u(to,5)M to!7 xr\u(to,S)I on L P ^(T). 
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Thus all operators on the right-hand side of f[T2"|) are bounded on L P ^(T). 
Therefore the operator on the left-hand side of f[T2T) is bounded, too. This 
completes the proof. □ 
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